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ABSTRACT 

The structure of Lie algebras, Lie superalgebras and Leibniz algebras graded by finite 
root systems has been studied by several researchers since 1992. In this paper, we study the 
structure of Leibniz superalgebras graded by finite root systems, which gives an approach to 
study various classes of Leibniz superalgebras. 
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1 Introduction 

In [Lol], J.-L. Loday introduces a non-antisymmetric version of Lie algebras, whose bracket sat- 
isfies the Leibniz relation (see (2.5)) and therefore is called Leibniz algebra. The Leibniz relation, 
combined with antisymmetry, is a variation of the Jacobi identity, hence Lie algebras are anti- 
symmetric Leibniz algebras. In [Lo2], Loday also introduces an 'associative' version of Leibniz 
algebras, called associative dialgebras, equipped with two binary operations, h and H, which satisfy 
the five relations (see the axiom (Ass) in Section 2). These identities are all variations of the 
associative law, so associative algebras are dialgebras for which the two products coincide. The 
peculiar point is that the bracket [a, 6] a h — 6 H a defines a (left) Leibniz algebra which is not 
antisymmetric, unless the left and right products coincide. Hence dialgebras yield a commutative 
diagram of categories and functors 

Dias Leib 

i i 
Ass Lie 



Recently super diagebras and Leibniz superalgebras were studied in [H], |LH3j and jAAO| . 
etc.. The structure of Lie algebras. Lie superalgebras and Leibniz algebras graded by finite root 
systems was studied in several papers (|HM1, EZl, [BeT] — [EE3| . |BEM| . jABGlj . |ABG2j . [EH2], 
etc.). In this paper we determine the structure of Leibniz superalgebras graded by the root systems 
of the basic classical simple Lie superalgebras. 

*Email: Idecnu2001'9yahoo.com, Iiud@czu.cn 
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The paper is organized as follows. In Section 2, we recall some notions of Leibniz superal- 
gebras and superdialgebras. In Section 3 we give the definition and some properties of Leibniz 
superalgebras graded by finite root systems. In Section 4 and Section 5 we mainly determine the 
structure of Leibniz superalgebras graded by the root systems of type A{m, n) and C(n), -D(m, n), 
D(2,l;a),F(4), G(2). 

Throughout this paper, K denotes a field of characteristic 0. A denotes a unital associative 
super dialgebra over K . 

2 ASSOCIATIVE SUPER DIALGEBRAS AND LEIBNIZ 
SUPERALGEBRAS 

We recall some notions of super dialgebras and Leibniz superalgebras and their (co) homology as 
defined in [D] and [EHSl- 

2.1 Associative super dialgebras. 

Definition 2.1. JlLoS^ A dialgebra D over K is a K-vector space D with two operations H, h: 
D ® D D , called left and right products. 

A dialgebra is called unital if it is given a specified bar-unit: an element 1 G Z? which is a 
unit for the left and right products only on the bar-side, that islha = a = aHl, for any 
a G D. A morphism of dialgebras is a if- linear map f : D ^ D' which preserves two products, 
i.e. f{a -kb) = f{a) ★ /(&), where ★ denotes either the product H or the product h. 

Definition 2.2. ILo^ A dialgebra D over K is called associative if the two operators H and h 
satisfy the following five axioms: 

( a ^ {b ^ c) ^ {a ^ b) ^ c ^ a ^ {b h c), 
(Ass) I (ahfo) Hc^ah (feHc), 

[ (a h &) h c = a h (fe h c) = (a H &) h c. 

Obviously an associative dialgebra is an associative algebra if and only ifaH6 = ah6 = ab. 

Denote by Dias, Ass the categories of associative dialgebras and associative algebras over K 
respectively. Then the category Ass is a full subcategory of Dias. 

As in the case of associative superalgebras, we can define associative super dialgebra, which is 
an 'associative' version of Leibniz superalgebras. 

Definition 2.3. ]LH3f Let K be a field. An associative super dialgebra over K is a 'Z2-graded 
K-vector space D with two operations -\,\-: D ® D ^ D , called left and right products, satisfying 
the axiom (Ass) and 

H D,, , h D,, C D^+,, , Va, a' £ Z2 . 

Denote by SDias, SAss the categories of super dialgebras and associative superalgebras over 
K respectively. Then the category SAss is a full subcategory of SDias. Throughout this paper, 
\a\ denotes the degree of a for any homogeneous element a. 

Examples. 1. Obviously an associative superalgebra is a super dialgebra ii a -\ b = a b = ab. 

2. Super differential dialgebra. Let (A = Ag © j4j, d) be a differential associative super algebra 
{\d\ = 0). So by hypothesis, d{ab) = {da)b -\- adb and = 0. Define left and right products on A 
by the formulas 

X H y = xdy, x \- y — {dx)y. 
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Then A equipped with these two products is a super dialgebra. 

3. Tensor product. If D and D' are two super dialgebras, then the tensor product ® -D' is 
also a super dialgebra with 

(a (g) a') * (6 ® &') = (-l)l°'ll''l(a*6)(g)(a'*6') (2.1) 

for ★ =H, h . 

For instance Mjn+n{D) := Mm+n{K) (g) D is a super dialgebra if Z) is a super dialgebra and 
Mm+n{K) is the superalgebra of all (m + n) x (m + n)-matrices over K. 

4. The free associative super dialgebra (see |LH3| in details) on a Z2-graded vector space V is 
the dialgebra Dias{V) — T{V) ®V ® T{V) equipped with the induced Z2-graded. 

A left module over an associative super dialgebra D is a Z2-graded X-module M equipped 
with two linear maps 

H: £) (g) M ^ M, 
h: D (g) M ^ M, 

satisfying the axioms (Ass) whenever they make sense and preserving Z2-gradation. There is, of 
course, a similar definition for right modules. 

A bimodule over an associative super dialgebra D, also called a representation, is a Z2-graded 
if-module M equipped with two linear maps 

h, H: L> g) M ^ M, 

h,^:M®D^ M, 

satisfying the axioms (Ass) whenever they make sense and preserving Z2-gradation. 

Obviously a bimodule over Z? is a left module and also a right module, and Z? is a bimodule 
over itself. 

For a super dialgebra 5, let Ssass be the quotient of S by the ideal generated by elements 
X -\ y — X \- y for all x,y G S. It is clear that Ssass is an associative superalgebra. The canonical 
epimorphism S —^ Ssass is universal among the maps from S to associative superalgebras. In other 
words the associativization functor {—)sass ■ SDias^SAss is left adjoint to inc : SAss— >SDias. 

2.2 Leibniz superalgebra 

Definition 2.4. A Leibniz superalgebra is a Z2-graded vector space L — Lq (B Li over a field 
K equipped with a K -bilinear map [~, ~] : L x L L satisfying 

[Lcr, iff'] C La+cr', "^cr, a' E Z2 

and the Leibniz superidentity 

[[a,6],c] = [a,[6,c]]-(-l)l'^ll^l[6,[a,c]], V a, 6, c G L. (2.2) 

Obviously, Lq is a Leibniz algebra. Moreover any Lie superalgebra is a Leibniz superalge- 
bra and any Leibniz algebra is a trivial Leibniz superalgebra. A Leibniz superalgebra is a Lie 
superalgebra if and only if 

[a,6] + (-l)l°ll''l[6,a] = 0, Va,6ei. (2.3) 

Examples. 1. Let g be a Lie superalgebra, D he a unital commutative dialgebra, then gCgZ? with 
Leibniz bracket [x (g a, y g) 6] = [x, g) (a (- b) is a Leibniz superalgebra. Let g be a basic classical 
simple Lie superalgebra which is not of type A{n, n), n > 1, then g = g g) -D © ft]^ with the bracket 

[a; g) a, y g) &] = [x, y] g) (a h fe) + {x, y)b H da, Va, b E D,x,y E g, (2.4) 
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i^D, 0] = (2.5) 

is also a Leibniz superalgebra, where (— , — ) is an even invariant bilinear form of g, is defined 
in m (also see |LH3| ) . In fact it is the universal central extension oi D (see jLH3| in details). 

2. Tensor product. Let g be a Lie superalgebra, then the bracket 

[x<»y,a(g)b] = [[a:;,2/],a] (g)5+ (-l)l"ll''la(8) (2.6) 

defines a Leibniz superalgebra structure on the vector space g (8) (see [KP] for that in Leibniz 
algebras case). 

3. The general linear Leibniz superalgebra g[(m, n, D) is generated by all n x n matrices with 
coefficients from a dialgebra D, and m,n > 0,n + m > 2 with the bracket 

[E,,{a),Ekiib)] = SjkEuia h fe) - {-lY^'^"' SuEkjib H a), (2.7) 

for all a,b E D. 

Clearly, g[(TO,n,D) is a Leibniz superalgebra. If D is an associative superalgebra, then 
0[(m, n, D) becomes a Lie superalgebra. 

By definition, the special linear Leibniz superalgebra with coefficients in D is 
s[(m,n,Z?) := [ g[(m, n, Z?), g[(m, n, Z?) ]. 

Notice that if n 7^ m the Leibniz superalgebra st (m, n, D) is simple. 

The special linear Leibniz superalgebra si (to, rt, 13) has generators Eij{a), l<i^j<m + 
n,a ^ D, which satisfy the following relations: 

[E,jia),Eki{b)] = 0, if i ^ and j ^ fc; 

[E,j{a), Eki{b)] = Eii{a h 6), if i ^ and j = fc; 

[i;i,(a), Sfcj(&)] = -(-l)"""'='Sfc,(6 H a), if i = and j ^ A:, 

4. The Steinberg Leibniz superalgebra stl(TO,n,£)) (0) is a Leibniz superalgebra generated 
by symbols Uij{a), l<i^j<n, aCzD, subject to the relations 

Vij{kia + k2b) — kiVij{a) + k2Vij{b), for a,b£D, ki,k2^K; 
[vij{a),Vki{b)] = 0, if i^l, and j 7^ fc; 
[i;ij(a),i;A;;(6)] = Ui;(a h 6), if i 7^ /, and j = k; 
[v^J{a),Vkl{b)] = -i-ir^^"vkj{b H a), if i = and j ^ k, 

where 1 < i 7^ j < m + n, a G 13. It is clear that the last two relations make sense only if m + n > 3. 
See m and |HL| for more details about the Steinberg Leibniz superalgebra. 

We also denote by SLeib, SLie the categories of Leibniz superalgebras and Lie superalgebras 
over K respectively. 

For any associative super dialgebra D, if we define 

[a;,7;]=2;hy-(-l)l^ll«lj/Ha;, (2.8) 

then D equipped with this bracket is a Leibniz superalgebra. We denoted it by Dl. The canonical 
morphism D Dl induces a functor (— ) : SDias— ^SLeib. 

Remark. For a super dialgebra D, if we define 

[x,y]^x^y-{-iy-^^y^yhx, (2.9) 
then {D, [,]) is a right Leibniz superalgebra in the sense of |LPj . 
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For a Leibniz superalgebra L, let L^s be the quotient of L by the ideal generated by elements 
[x,y\ + (— x], for all x,y £ L. It is clear that L^s is a Lie superalgebra. The canonical 
epimorphisni : L — > L^s is universal among the maps from L to Lie superalgebras. In other words 
the functor (— )ls ■ SLeib^SLie is left adjoint to inc : SLie^SLeib. 

Moreover we have the following commutative diagram of categories and functors 

SDias ^ SLeib 

i i 
SAss — > SLie 

As in the Leibniz algebra case, the universal enveloping super dialgebra f |LH3| ) of a Leibniz 
superalgebra L is 

Ud{L) := {T{L) (g)L(g) T{L))/{[x, y] - x h y + (-l)l^ll^lzj H x\x, y £ L}. 

Proposition 2.5. \LH3^ The functor Ud : SLeib SDias is left adjoint to the functor — : 
SDias ^ SLeib. I 

Let L be a Leibniz superalgebra. We call a Z2-graded space M = Mg © Mi a left i-module 
if there is a bilinear map: 

[-,-]: L X M ^ M 

satisfying the following three axioms 

[[x,y],m] = [x, [y,m]] - (-Ijl^H^'l [y, [a;,m]], 

for any m G M and x, y E L. In this case we also say (p : L ^ End kM, (p{x){m) = [a:, m] is a left 
representation of L. 

Clearly, if L is a Lie superalgebra, then M is just the left L- module in the Lie superalgebra 

case. 

Suppose that i is a Leibniz superalgebra over K. For any z G L, we define adz G End^L by 

adz(x) = [z,a;], Va; 6 L. (2.10) 

It follows (2.2) that 

adz{[x,y]) = [adz(x),y] + (-l)l^ll^l [a;, ad z(y)] (2.11) 

for all x,y £ L. This says that adz is a super derivation of degree |z| of L. We also call it the 
inner derivation of L. 

Similarly we also have the definition of general super derivation of a Leibniz superalgebra L. 
By definition a super derivation of degree s, s £ Z2 of L is an endomorphism fi £ EndgL with the 
property 

ti{[a,b]) = [f,{a),b] + {-ir^^^[a,ti{b)]. 

We denote by Inn(L), Der(L) the sets of all inner derivations, super derivations of L respectively. 
They are also Leibniz superalgebras. 

For a Lie superalgebra L, HL'^{L, M) = H^{L, M) = Der (L, M)/Inn(L, M). 

3 Leibniz superalgebras graded by finite root systems 

In this section, we shall study the structure of Leibniz superalgebras graded by finite root systems. 
First we recall some notions of Leibniz algebras graded by finite root systems defined as in |LH2| . 
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3.1 Leibniz algebras graded by finite root systems 



Definition 3.1. JTM^ A Leibniz algebra L over a field K of characteristic is graded by the 
{reduced) root system A or is A-graded if 

(1) L contains as a subalgebra a finite- dimensional simple Lie algebra Q — H (B^^^^Qa whose 
root system is A relative to a split Cartan subalgebra H ~ Qa; 

(2) L = ®a£Au{o}-^"' where La — {x ^ L \ &dh{x) = — [x, /i] = a{h)x,\/h G H} for 
a e A U {0}; and 

(3) Lq = Y,aeAi^a,L^a]- 

Remarks. 

1. The conditions for being a A-graded Leibniz algebra imply that L is a direct sum of finite- 
dimensional irreducible Leibniz representations of q whose highest weights are roots, hence are 
either the highest long root or high short root or are 0. 

2. If L is A-graded then L is perfect. Indeed the result follows from La = [La,H] for all 
a G A and (3) above. 

In jLH2j . the structure of Leibniz algebras graded by the root systems of type A,D,E was 
determined by using the methods in [BM] . In fact we have 

Theorem 3.2. \LH2l Let L be a Leibniz algebra over K graded by the root system A of type 
Xi{l>2)[Xi = Ai.DuEi) . 

(1) Lf Xi = Ai,l > 3, then there exists a unital associative K -dialgebra R such that L is 
centrally isogenous with si {n, R). 

(2) If Xi ~ Ai,l ~ 2, then there exists a unital alternative K-dialgebra R such that L is 
centrally isogenous with stl (n, R), where stl (n, R) defined in section 2.d 

(3) If Xi = Di [l > ■i),Ei{l — 6,7,8), then there exists a unital associative commutative 
K-dialgebra A such that L is centrally isogenous with g ® i?. 

3.2 Leibniz superalgebras graded by finite root systems 

Motivated the definitions of Lie superalgebras and Leibniz algebras graded by finite root systems 
defined in BEl - BE3 and LH2 , we give the following definition. 

Definition 3.3. A Leibniz superalgebra L over a field K of characteristic is graded by the 
{reduced) root system A or is A-graded if 

(1) L contains as a subsuperalgebra a finite- dimensional split simple basic Lie superalgebra 
Q — H (B ^aeA 0" whose root system A is relative to a split Cartan subalgebra H = Qq; 

(2) L — ®aeAu{o} where = {a; G £ | adh{x) — [h,x] — a{h)x,\/h e H} for a G 
A U {0},- and 

(3) Lo = Y,aeAi-^a,L-a]- 

Remarks. 

1. If L is A-graded then L is perfect. Indeed the result follows from La = [II,La] for all 
a & A and (3) above. 

2. The Steinberg Leibniz superalgebra 5il{m,n, D) (to 7^ n) is graded by the root system of 

type Am-l,n-l- 

We would like to view L as a left g-module in order to determine the structure of L. The 
following result plays a key role in examining A-graded Leibniz superalgebras. It follows from the 
Lemma 2.2 in [EE3| . 
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Lemma 3.4. Let L be a A-graded Leibniz superalgebra, and let q be its associated split simple 
basic Lie superalgebra. Then L is locally finite as a module for g. | 



As a consequence, each element of a A-graded Leibniz superalgebra L, in particular each 
weight vector of L relative to the Cartan subalgebra H of g, generates a finite-dimensional g- 
module. Such a finite-dimensional module has a g-composition series whose irreducible factors 
have weight which are roots of g or 0. Next we determine which finite-dimensional irreducible 
g-modules have nonzero weights that are roots of g. 

Throughout this paper we will identify the split simple Lie superalgebras g of type A{m, n), m > 
n > 0, with the special linear Lie superalgebra sl{m + l,n+ 1). For simplicity of notation, set 
p m + l,q = n + I, so Q = 5l{p,q), p > q > 1. 

Proposition 3.5. IBElf . \BES^ Let g be a split simple Lie superalgebra of type A{m,n), with 
m>n>0,m + n>l, or C{n), D{m, n), D{2, 1; a) {a ^ {0, -1}), F(4), G{2). The only finite- 
dimensional irreducible left Q-modules whose weights relative the Cartan subalgebra of diagonal 
matrices (modulo the center if necessary) are either roots or are exactly the adjoint and the 
trivial modules ( possibly with the parity changed). 

Proposition 3.6. ]BE1^ . \BE'^ Let q be a split simple Lie superalgebra of type A(m, n) [m > 
n >0) or C{n), D{m,n), 15(2,1; a) (a ^ {0,-1}), F{A), G(2), with .split Cartan subalgebra H. 
Assume V is a locally finite left Q-module satisfying 

(i) H acts semisimply on V; 

(a) any composition factor of any finite-dimensional right submodule of V is isomorphic to 
the adjoint representation q or to a trivial representation. 

Then V is completely reducible. I 

Proposition 3.7. fBElf Let q be a split simple Lie superalgebra of type A{m, n), with m > n > 0. 
Then Homg(g ® g,g) is two-dimensional and spanned by the Lie (super) bracket and by the map 
given by [x^y) ^ x * y = xy (— l)l^ll^l?/a; — ^_^ stv{xy)I , for any x, y 6 g = s[ (m -|- 1, rt -|- 1). | 

4 The structure of the A{m^ n)-graded Leibniz superalgebras 

(m > n) 

The results of Section 2 show that any A{m, ?i)-graded Leibniz superalgebra L with m > n > 
is the direct sum of adjoint and trivial modules (possibly with a change of parity) for the grading 
subalgebra g. After collecting isomorphic summands, we may suppose that there are superspaces 
A = Aq(BAi and D — Dq © Di so that L — (g (X) A) © D, and a distinguished element 1 E Aq which 
allows us to identify the grading subalgebras g with g® 1. Observe first that 13 is a subsuperalgebra 
of L, since it is the (super) centralizer of g. 

For determining the multiplication on L, we may apply the same type of arguments as in 
[BE]. Indeed, fix homogeneous basis elements {ai}i£i of A and choose ai,aj,ak with i,j,k S /, 
we see that the projection of the product [g ai,g (g) Oj] onto g (8 afe determines an elements of 
Homg(g i8) g,g), which is spanned by the Leibniz supercommutator. Then there exist scalars 
and Of j so that 



Define o : Ax A ^ Ahy aioaj ^ '^Y.kei ^tj^'k, and [,] : Ax A ^ Ahy [0^,0^] = "^J^kei^lj^k 
and extending them bilinearly, we obtain two products "o" and "[ , ]" on A. 



[x(g)a,,y(g) aj]\g^A = (-l)l°*ll«l [x, y] ® (^ C^jOfe) + x * y (g, dljak) 
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Taking into account that Honig(g ^ q,K) is spanned by the supertrace, we see that there 
exists a bihncar form (, ) : A x A ^ D and an even bihnear map D x A —> A : {d,a) —> da with 
dl = such that the multiphcation in L is given by 



[/ ® a,5 ® 5] = (^if^g^ ^^aob + f*g0^[a,b]+ strifg){a, b) ] , (4.1) 



[rf,/0a] = (-l)l'^ll^l/®da, (4.2) 

for homogeneous elements f,g & 0, a,b G A,d G D. Additionally, lo a = 2a and [1, a] = for all 
ae A. 

There are two unital multiplications H and h on A such that 

ao6 = ah6+(-l)l"ll''l6Ha, (4.3) 

[a,6] =ah6- (-l)l"ll''l6Ha, (4.4) 

for any homogeneous elements a,b G A. Moreover by setting a = 1, we have 1I-6 = 6H1 = 6, so 
the dialgebra A is unital. 

Now the Jacobi superidentity [[zi, Z2], Z3] = [zi, [z2, z^]] — (— l)l^ill^2| j^j.^, [zi, z^]], when special- 
ized with homogeneous elements d\,d2 G D and / o e A, shows that : Z) — > EndK{A) : 
(f){d){a) = da, is a left representation of the Leibniz superalgcbra D. When it is specialized with 
homogeneous elements d G D and f ® a, g ® b G Q ® A, we obtain 

[d, [f^a,g® b]] = [[d, / a], 5 ® 6] + (-l)|d|(l/l+l«l)[/ ® a, [d, g®b]], 

and using (4.1) and (4.2), we see that this is same as: 

(^J^g^^ ^ ob) + f*g® \d{[a, b]) + str(/5)[d, (a, b)] 

= (-l)l'^ll/l(-l)l'^l+l«llsl ([f,g] ®]-daob) + f*g(^ hda, b] + Mfg){da, b) 



+ (_l)MI(l/l+l9l+|a|)^_iya||ff| g\^(^\aodb + f *g®h^a,db]+ str{fg){a, db)^ . 

When / = Ei^2 and g = £2^1, the elements [/, g] and f*g are linearly independent and stv{fg) = 1. 

Hence wc have 

(i) d{a ob)^ (da) ob+ (-l)l'^ll"la o (db), 

(ii) d{[a,b]) = [da,b] + (-l)l''ll'^l[a, 

(iii) [d,{a,b)] = (da,6) + (-l)l''ll'^l(a,(i6), 
for any homogeneous d G D and a,b G A. 
Items (i) and (ii) can be combined to give that 

is a left representation as superderivations : (j) : D ^ T)ev k{A). (4.5) 

While (iii) says that 

( , ) is invariant under the action of D. (4.6) 

For f ® a,g ®b,h®) c G Q® A, the Jacobi superidentity is equivalent to the following two 
relations {q® A and D components): 



{-k) (str([/, g]h){\a ob,c)+ str((/ * g)h){^[a, b],c)) 
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- (str(/[.g, h]){a, h o c) + str(/(.g * h)){a, ^[b, c])] 

(_l)(l/llfll+|a||6|) (^str(3[/, h]){b, o c) + str(5(/ * h)){b, ^[a, c]>) 



+ 
= 0. 



and 



([[/> g],h]^^{aob)oc+[f,g]*h^^[aob,c] 

+ [f*g,h](»jla,b]oc+{f*g)*h(E) j[[a, b],c]+ sty:{fg)h {a, b)cj 
- ([/, [g, h]](^^ao{boc)+ f * [g, /i] ® i[a, 6 o c] 

+[/, g*h]^^ao[b,c]+f*{g*h)^ ^[a, [b, c]] + (-l)l«l(l»l+l''l)str(5/i)[/ ® a, {b, c)]) 
+ ([g, [/, ft]] ® ^6 o (a o c) + 5 * [/, /i] ® a o c] 

+ [5, / * ft] ® J& o [a, c] + 5 * (/ * ft) (g) i[6, [a, c]] 

+(_l)|b|(l/l+IM)str(/ft)[5 ® 6, {a, c)]) 
= 0. 

The formula (★) can be written as 

str(/5ft) {{a \-b,c)- {a, 6 h c) - (-l)l«l(l''l+l^l)(6, c H a)) 
_ {-l)\9m+Wmst^(fhg){{b H a,c) - (6,a h c) - (-l)l''l(l«l+l^l)(a, c H 6)) 
= 0. 

Then we have 

{a \-b,c) = {a, 6 h c) + ^ H a), (4.7) 

(ah6,c) = (aH6,c). (4.8) 

The formula (★★) can be written as: 

(★★★) /5ft (8> ((a h 6) h c - a h (6 h c)) 

_ (_i)l/llsl+|a||6|^j^ ® ((& H a) h c - 6 h (a h c)) 

+ (g) ((c H a) H 6 - c H (a h 6)) 

+ ^_l)m+\a\m+(\c\+ma\g^j^ O ((6 h c) H a - 6 h (c H a)) 

+ (-l)l''ll9l+l'=ll''l/ft,g ® ((a h c) h fe - a h (c H b)) 

_ (_i)(IMl9l+l/ll9l+l/ll'^l+|c||b|+|allfc|+la||c|^^_^ ® ((c H 6) H a - c H (6 H a)) 

- str(/g) (^ ^\^ h^ [[a, b], c] - ft (g) (a, b)cj 

+ str(5ft) f ® [a, [b, c]] - (-l)l«l(lsl+l'^l)[/ ® a, (6, c)]) 

\m — n J 

_ (-l)l/IM+l«ll''lstr(/ft) f ^^5®[6,[a,c]]-(-l)l''l(l/l+l''in5®6,(a,c)]^ 

\m — n J 

- -^—stiif gh)I (g f [o h 6, c] - [a, 5 h c] - (-l)l''l(l''l+l^l)[6, c H a]) 
m — n V / 

+ (-l)l^ll»l+l"ll*'l^^str(5/ft)/ g) f [6 H a, c] - (-l)IM(l«l+|c|)ra, c H 6] - [6, a h cj) 
m — n V / 



m — n 

= 0. 
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Set / = Ei2,g = E23,h = E31 in {i^**), if m > 2 then by |/| = \g\ = \h\ = and the 
independent of Sn, £'22, -B33, 1, we have: 

{ahb)\-c = ah {b\-c), (4.9) 

(6hc) Ha = 6h (cHa), (4.10) 
{c^a)-ib = c^{a\-b). (4.11) 

Similarly by setting / = Esi,g = E23, h = E12, we can obtain 

{c^b)^a = c^{b^a), (4.12) 

(6 H a) I- c = 6 h (o I- c), (4.13) 

so A is an associative super dialgcbra. 

If m = 1, then |/| = and \g\ = \h\ = 0. The expression in (★★★) is a hnear combination of 
Ell, E22, £^33 with cocfficents in A. By direct calcualtion we also obtain that A is associative. 

Then (* * -k) becomes 

- str(/g) ( — - — /lO [[a, 6l,cl - /lO (a, 6)c ) 

\m — n J 

+ stv{gh) (^—f ® [a, [b, c]] - (-l)l-l(lsl+l^l)[/ ® a, {b, c)]) 
\m — n ) 

_ (-l)l/llsl+l«llblstr(//i) ( ^^5 0[6,[a,c]l-(-l)l''l(l/l+l''in5®6,(a,c)]^ =0 

\m — n J 

Then 

{a,b)c=^^^[[a,b],c] (4.14) 

and 

[f^a,{b,c}]^^—f(g>[a,[b,c]] (4.15) 
TO — n 

since l^] + = if stv{gh) ^ 0. 

In this way, we have arrived at our main Theorem. The last sentence in it is a consequence of 
condition (3) in Definition 3.3. 

Theorem 4.1. Assume L = Q^A(BDisa superalgebra over a field K of characteristic where 

Q = si (to + 1, n + 1), m > n > 0, A is a unital super dialgehra, and D is a Leibniz superalgebra, 
and with multiplication as in (4-.1) and (4-2). Then L is a Leibniz superalgebra if and only if 

(1) A is an associative super dialgebra, 

(2) D is a Leibniz subsuperalgebra of L and (j) : D ^ Der K{A){(j){d)a = da) is a left represen- 
tation of D as superderivations on the dialgebra A, 

(3) [d, {a,b)] = (rfa,6) + (-l)l'^ll°l(a,rf6), 
U) (11), (4.8) and (4.I4), (4.15) hold, 

for any homogeneous elements d £ D and a,b,cG A. 

Moreover, the A{m, n)-graded Leibniz superalgebras (for m. > n > 0) are exactly these super- 
algebras with the added constraint that 

D = {A,A). 
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Remark. Let A be any unital associative super dialgebra. Then ad [a.a] is a subsuperalgebra of 
Der k{A) (it is a Lie superalgebra) . Consider the Leibniz superalgebra 

£(A) := (fl® A)®ad[A,A], 

with g = sl{m + l,n + l)(m > n > 0), with multiphcation given by (4.1) and (4.2) in place of 
D and with {a,b) — ^^j^^ ad [a, A] for any a,b ^ A. Then Theorem 4.1 shows that £{A) is an 
A{'m, n)-graded Leibniz superalgebra. Moreover for any A{m, n)-graded Leibniz superalgebra L 
with coordinate super dialgebra A, Theorem 4.1 implies that L/Z{L) = £'{A). Thus L is a cover 
of £(A). 

Corollary 4.2. The A{in,n)- graded Leibniz superalgebras (for m > n > 0) are precisely the 
Leibniz superalgebras which are centrally isogeneous to the Leibniz superalgebra s[ (m + 1, n + 1, ^) 
for a unital associative super dialgebra A. 

Remarks. 1. The situation when m = n in A{m,n) is much more involved than the case of 
m ^ n, due to the fact that the complete reducibility in Proposition 3.4 no longer valid in this 
case. However, using the similar consideration as above and that in |BEM| . we can also obtain the 
following result. 

Theorem 4.3. Let L he a Leibniz superalgebra graded by q, which is a split simple classical Lie 
superalgebra of type A{n,n){n > 1). Then there exists a unital associative super dialgebra D such 
that is centrally isogenous to 

s{{n + l,D)^ [gl(n +1)®D, fll(n + I) ® D]. 

2. For a unital associative dialgebra A, the universal central extension of the Leibniz su- 
peralgebra s[(m,rt, ^) with m ^ n and m + n > 3 has been shown to be the Steinberg Leibniz 
supergebra sti (m, n, A) in [L] . 

5 The structure of A-graded Leibniz superalgebras of other 
types 

It follows from Proposition 3.4 that every Leibniz superalgebra graded by the root system C{n), 
D{m,n), D{2,l;a) {a ^ {0,-1}) , F(4), or G(2) decomposes as a g-module into a direct sum of 
adjoint modules and trivial modules. The next general result describes the structure of Leibniz 
superalgebras L having such decompositions, which is essentially same as the Lemma 4.1 in [BE2]. 

Lemma 5.1. Let L be a Leibniz superalgebra over with a subsuperalgebra q, and assume that 
under the adjoint action of q, L is a direct sum of 

(1) copies of the adjoint module Q, 

(2) copies of the trivial module K . 
Assume that 

(3) dim Horn g (fl ® 0, g) = 1 so that Hom g (g ® 0, g) is spanned by x (g) y [x,y]. 

(4) Hom g{Q >S) Q, K) = Kk, where k is even, non-degenerate and supersymmetric, and the 
following conditions hold: 

(5) There exist f,g Qq such that [f,g] ^ and K{f,g) ^ 0, 

(6) There exist f, g, /i G go such that [/, h] — [g, h] — and K{f, h) — K{g, h) = ^ K{f, g), 

(7) There exist f,g,h G go such that [[f,g],h] = 7^ 

Then there exist superspaces A and D such that L (g (E) A) (B D and 
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(a) A is a unital supercommutative associative super dialgebra; 
{b) D is a trivial Q-module and is a Leibniz superalgebra; 
(c) Multiplication in L is given by 

[f®a,g®b] = (-l)l-llsl ([/, 3] ^ (a h 6) + «(/, g){a, b)) , (5.1) 

[d,/0a] = (-l)l'^ll^l/«)rfa, (5.2) 
for homogeneous elements f,gGg,a,bGA,d&D, where 

(i) D is a Leibniz sub superalgebra of L and (j) : D ^ Der KiA){(l){d)a = da) is a left represen- 
tation of D as superderivations on the dialgebra A with {A, A) C Ker(j), 

(a) [d, (a, 6)] = (da,b) + (— l)l'^ll°l(a, dfe), in particular, {A, A) is an ideal of D, 

(iti) (a^b,c) = (a,6hc) + (-l)l"l(l''l+l=l)(6,cHa) and {ahb,c) = {a^b,c). 

Conversely, the conditions above are sufficient to guarantee that a superspace L = g (g) A (B D 
satisfied (a)-(c) is a Leibniz superalgebra. 

Proof. When a Leibniz superalgebra L is a direct sum of copies of adjoint modules and trivial 
module for q, then after collecting isomorphic summands, we may assume that there are superspaces 

A = Aq® Ai and D = Dq (B so that L = g A Q D. Suppose that such a superalgebra L 
satisfies conditions (1) — (4). Note that _D is a super subalgebra of L. 

Fixing homogeneous basis {aj}jg/ of A and choose ai,aj,ak with i,j,k € /, we see that the 
projection of the product [fl (8) flj , fl (8> cbj] onto g® ak determines an elements of Homg(fl (81 fl,fl), 
which is spanned by the Leibniz supercommutator. Then there exist scalars ^f^^ and 6'- ^ so that 

[x ® auy ® ajWs^A = (-l)l"'ll^l [x, y] ® (^^Ijak). 

Defining -^,h: A x A ^ A hy Oi \- aj = J2kei^ij"'>' = (-l)l'''ll«^l«^'"«> and extending it 
bilinear ly, we have a supercommutative dialgebra structure on A. 

By similar argiunents. there exist bilinear maps Ax A ^ D, {a,b) >—>■ {a, b) G D, and D x A 
A, (d, a) <—>■ da G A, such that the multiplication in L is as in (c). 

First the Jacobi superidentity, when specialized with homogeneous elements di,d2 € D and 
f ^ a G g (Si A, and then with d & D and f ® a,g ®b G g® A will show that (j){d)a = rfa is a 
representation of D as superderivations of A. We assume next that f,g are taken to satisfy (5). 
Then for homogeneous elements d G D, a,b G A, the Jacobi superindentity gives the condition 

[d, (a, 6)] = (da,6) + (-l)l''ll'^l(a,d6). 

The Jacobi superindentity, when specialized with homogeneous elements f ® a,g ®b,h^ c G 
g® A and /, g, h as condition (7), gives that {A, A) is contained in the kernel of (j). 

Finally the Jacobi superindentity, when specialized with homogeneous elements f ® a,g ® 
b,h ® c & g ® A and f,g, h as condition (8), gives the (iii) and associativity of dialgebra A (see 
Section 4 or [BEl]). 

The converse is a simple computation. | 

From [BEl], we see that g satisfies the above condition if g is a split simple classical Lie 
superalgebra of type C(n)(> 3), D{m,n){m > 2,n > 1), D{2, l;a),a e K,a^O,l, F(4) or G(2). 
Then we have the following structure theorem for Leibniz superalgebras graded by the root system 
of type (compare Theorem 5.2 in [BEl]). 

Theorem 5.2. Let g be a split simple classical Lie superalgebra of type C{n) (> 3), D{m,n) (m > 
2,n > 1), £)(2,l;a), a e K, a F(4) or G{2), then by [BEl] we have dimHom0(fl 
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Q, q) = dim Horn g(g ® Q, K) = 1. Let L be a A-graded Leibniz superalgebra of type q, then there 
exists a unital supercommutative associative super dialgebra A and a K-superspace D such that 
L = (g >S> A) (B D. Multiplication in L is given by 

[f^a,g<S>b] = (-l)l"ll9l([/,5]®(ah6) + Ac(/,5)(a,5)), (5.3) 

[d,L]^0, (5.4) 

for homogeneous elements f,g G Q, a,b G A, d G D, where k(, ) is a fix even nondegenerate 
supersymmetric invariant bilinear form on q and {,) : A® A^ D is a I'C -bilinear and satisfies the 
following conditions: 

(1) [d,(a,6)] ^ (da,6) + (-l)l'^ll'^l(a,d6), 

(2) (a h 6, c) (a, 5 h c) + (-l)l'^l(l''l+l'=l)(6, c H a), (a h fe, c) = (a H fe, c), 

and D is a Leibniz subsuperalgebra of L and : Z? — > Der ji{A)((j){d)a — da) is a left repre- 
sentation of D as superderivations on the dialgebra A. 

Proof. The only point left is the proof of the centrality of D. Condition (3) of Definition 3.3 
forces D ~ {A, A), which by Lemma 5.1 is contained in Ker0. Therefore D — {A, A) is abelian 
and centralizes g A, hence it is central. I 

As the similar arguments in [BEl], we also have 

Corollary 5.3. Let g be a split simple classical Lie superalgebra of type C(n)(> 3), D{m,n) (m > 
> 1), D{2, l;a), a € K, a ^ 0,1, F{A) or G{2) and L be a A-graded Leibniz superalgebra of 
type Q, then there exists a unital supercommutative associative super dialgebra A such that L is a 
covering of the Leibniz superalgebra q® A. I 

Let g be a split simple classical Lie superalgebra of type C(n)(> 3), D{m,n) {m > 2, n > 1), 
£'(2,1; a), a & K, a 0,1, F(4) or G(2), A a unital associative commutative dialgebra, the 
universal central extension of the Leibniz superalgebra q® A has been studied in [LH3] . 

Remark. The cases of B{m, n) and A{1, 1) are more complicated (see |BE3) . |EEM| '). so we shall 
consider them in other place. 
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